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THEORY OF DIRECT-ACCESS STORAGE FUNCTIONS
H.-D. EHRICH
Universität Dortmund, Abteilung Informatik
Dortmund, West Germany

Direct-access storage functions, as usually applied to the implementation of arrays,
may be useful in many other cases as well. The theory developed here provides a
general method for the effective construction of a one-to~one mapping from a given
set of keywords onto an interval of contiguous relative add.resses. This mapping is
based on a specific erdering of the keywords. A general index formula is derived
which represents this mapping. The index formul~ is interpreted by means of the
finite-state acceptor which accepts the set of keywords. Several examples show how
this theory can be applied to the derivation of direct-access storage formulas.

1•

INTRODUCTION

In practical data processing we often have
to organi~e a set of d.ata in a table, each
table entry being characterized and accessed
by a so-called. keyword.. Th~ programmer has
to design an access mechanism
keyword

~

address of table entry

To do this, in most cases some sort of
searching is required. In some special
situations, however, we can find directaccess storage functions, i.e. procedures
that calculate the exact address of the
table entry, given only the letters of the
corresponding keyword (coded by natural
numbers). As it is well known, this is the
case with arrays where the inde~ n-tuples
play the role of the keywords. This technique is well applicable to some sorts of
regularly structured sparse arrays too, as
shown by Knuth [3] .
In this contribution a general theoretical
framewerk for the construction of directaccess storage functions is developed. On
this basis, structural regularities in the
given set of keywords can be detected and,
whenever possible, exploited for the effective construction of direct-access storage
formulas.
*Vfuen preparing this paper the author was
with the Institut für Informatik und Praktische Mathematik, Universität Kiel, Kiel,
West Germany.

2.

THE GENERAL llifDEX FORMULA

Let L be a finite set of keywords, i.e. a
finite language over the alphabet X={0,1, ••
•• ,d-1}. We thus presume the letters of the
keyword.s to be natural numbers since we want
to execute arithmetic calculations on them.
We further presuppose that the table entries
being in one-to-one correspondence with the
keywords are to be stored. in consecutive
memory cells with the relative addresses
0,1, ••• ,p-1 where p is the cardinality of L.
By mapping the keywords onto these addresses
an erdering on L is introduced. The basic
idea of the present approach is to fix this
erdering in such a way that the address mapping may be expressed by a closed formula.
We arrange the words of L by non-decreasing
length. Within a subset' of words of equal
length the arrangement is made lexicographically increasing, based. on the natural lessthan-relation on X. The erdering on L thus
specified will be denoted by ~ •
Let L={x 0 ,x1 , ••• ,xp_ 1 }, xiEX* for O~i~
p-1 , such tha t x 0 -< x 1 -< ••• ~ x p- 1 • X* is
the set of words over th.e alphabet X, including the empty word c of length 0. The rr.apping
v : L ~ { 0,1, ••• , p-1 }
is called index mapping iff for all ie{o,
1, ••• ,p-1} we have v(xi)=i.
By definition of the erdering

-<

on L the
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index of a word x E L

of length n may be ex-

pressed as a sum of two values 1

v (x)

= o<-

where

o<-

n

+

V

n

F(x) : =

{

XyZEL }

] zeX*

y€X

(x)
be the set of letters yeX which can follow

is the number of words in L of

n

For a word X€X*, let

length less than n, and vn

is the index

mapping of the subset Ln~ L
of L with equal length no

immediately the prefix

of all words

v (x)

n

=

2:=

"L

(2)

ber p of all wordso Furthermore, the number
qk of words of length k in L, k=0,1

x of length k-1o

word lengths is small compared with the numooo

in a word of L.

follows:

k=1 jEF(xk- 1)
j<xk
k-1
In this formula X

In practical cases the number of different

1

x

Then we can write the index formula as

,

means the prefix of

may be assumed to be known in advanceo The
For the cardinalities of the derivatives of

value of <X.n , then, is given by

L evidently the following recurrence relation
n-1

(/..

Lk=O

n

holds for

qk

The determination of

vn (x)

k=2 1 oo. 1 n:

is a more dif-

ficult problemo In what follows, let L=Ln'
ioeo, all words of L are of equal length no

This equation is valid for k=1 too, if we

I)= vn tooo For a word x=x x
1 2
o o oXk EX* let L(x 1 , o o o ,xk) be the derivative of L with respect to x (cf. [1] ),

identify p()=p=JLio With this equation fur-

Then we have

xy ._ L

ther transformations of the index formula
can be made,

(4)

}

Let p(x 1 ,.oo'xk) be the cardinality of
L(x 1 ,ooo'xk). By means of the cardinalities
of the derivatives of L, the index mapping
I)

can be expressed by a general index for-

mula as the following theorem showso
Theorem 1 :

Let L be as defined above. The

index of a word X=x x 2 • o ~xn E L is given by
1
n xk-1
v (x) = L L
p(x1 ,x 2 , o. o.,xk_ 1 , j )
(1)
k=1 j=O

n

- k=1
L

k

Let y =x 1 x 2 ••• xkOo •. 0 , 1 := k ~ n
be the words of length n consisting of the
Proof:

k-letter prefixes of x filled up with k-n
letters "0". Let vk be the number of words
of L preceding yk in the lexicographic ordering

~

o For vk we have the recurrence

~

jEF(xk-l)
j>Xk

p(x1' • • · ,xk-1 'j)

Since x is the only word in L with the nletter prefix x=x1 ••. xn' we have p(x 1 ,.oo'
x )=1, and another important index formula
n

is established:

.relation

since the set of words preceding

y

k

is the

disjoint union of the set of words preceding
y k-1
and the sets of words with the prefixes x 1 x o.oXk_ 1 j where j=O, .•• ,xk-10 With
2
this relation the index formula of the theo-

The right-hand sum counts the number of
words succeeding the word x in L with respect
to the ordering

3.

~

•

THE FINITE-STATE ACCEPTOR

rem is easily derived remembering that
v(x)=Vno

A well known construction for the reduced
· finite-state acceptor A(L)=(S,X,6 1 s ,F)
0
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which accepts the finite (thus regular) language L s xn is as follows:
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set of keywords L is the output function (6)
of the augmented acceptor A*(L). Vfuenever we
succeed in representing these terms in closed
form, we can expect interesting results. This

States:
Transition
function: 6(L(x1 , •• xk)'xk+ 1 )=L(x 1 , •• ,xk+ 1 )
Initial
state: s = L
0

Final
states: F={s.;.S

is the case with the following examples,where
structural regularities of L in a natural way
lead to index formulas in closed form, thus
getting direct-access storage functions.

I f..;.s}

(E

empty ward)
Example 1:

Arrays

The general ihdex formula (1) may well be

The set of keywords (index n-tuples) of an

interpreted by means of the finite:state

n-dimensional array has the form of a complex

acceptor. To do this we add the output alphabet Y={0,1, ••• ,p-1}
function
A.(s,x)

x-1
.- Llb(s,j)
j=O

and the output

I

product L=X1 x ••• Xn where the Xi are inter2
~ i ~n :

val s, 1

(6)

for all sES and XEX to the acceptor A(L),

The derivatives and their cardinalities are
calculated easily:

thus getting the finite-state machine
A*(L)=(S,X,Y,6,A.,s ,F) with initial state
0

Xk+ 1 ••• Xn

L(x , ••. ,xk) =
1
{

0

s 0 and the set of final states F.

n

~(s,x)=y 1 y 2 ••• yk.

With these conventions theorem 1 may be reformulated in terms of the augmented finitestate acceptor A*(L).

0

and zero other-

xk-1

L
j=O
xk-1

'L

n

L

IXl.l

yk = A ( L(x1' • • • ,xk-1) ' xk )

Let x=x 1 x ••• xnEL and 1.(s ,x)
2
0
=y 1 y 2 ••• yn. Then equation

=

1

if xiEXi for all i=1, ••• ,k
wise. This implies

Theorem 2 :

v (x)

if x.EXir.for all
l
7i=1, •• ,k

otherwise

n
l=k+

Let x=x1 x 2 ••• xkEL. The output string which
results when applying x to the state s of
A*(L) will be denoted by

t

j=lk

(7)

yk

k=1

n

n
i=k+1

(u.-1.+1)
l
l

holds.
n

Proof:

By definition of the o-function we

have p(x , ••• ,xk_1 , j) =I b ( sk-1, j) I where
1
k-1
s
=L(x 1 , ••• ,xk_1 ). Index formula (1) may
therefore be written in the following way:

v (x)

n

=

xk-1

L L

.n
l=k+1

where

By applying theorem 2 we now get the well
known storage access formula for n-dimensional arrays:

I b(sk-

1

,j)

I ,

n

L

k=1 j=o

k=1

and, by definition of the 1..-function,
n

V (x) =

L

Example 2:
1
A. (sk- ,xk)

k=1
However, the state sk- 1 may be expressed by
k-1 ((
s
~o s ,x ••• xk_ ), and obviously
1
1
1 0
A(sk- ,xk)=yk holds.

Let X={0,1, ••• ,d-1l, nE!N-{01 and sEfN
where fN={0,1,2, ••. }. The definition

where
4.

SOME APPLICATIONS

The central point for the construction of
direct-access storage functions for a given

6 s -arrays

x 0 :=d-1+s , specifies a class of

sparse arrays which will be called

~s

arrays. For n=2,s=0 we have a lower triangular matrix with main diagonal, as shown
below.
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o,o

coarsely.

1,0
2,0

1,1
2,1

Vt-arrays are specified by the set of keywords

2,2

..........
where x : =-t and tE IN.
For n=2,s=1 we get a lower triangular matrix
without main diagonal, etc.
The derivatives depend only on the last letter xk, whenever the condi tion xi :S xi_ 1 -s
is fulfilled for 1 ~ i ,s n • Hence we simplify by writing

0

As in the previous case, the derivatives depend only on the last letter. The cardinalities will therefore be denoted by Yk(xk). ~
Eq.(3) then becomes
d-1

L

j=Xk+t

Yk+1c j)

( 9)

The solution is
From eq. (3) we get a recurrence relation
for

d-1-xk-(n-k)(t-1))

f :

(

n-k

xk-s

L
j=o

(8)

<fk+1Cj)

For k=n we have wr n ( x n ) =1 , and by us ing
induction on k, we verify the solution

The easiest way to proceed now is to transform the right-hand sum of index formula (5)
by application of eq.(9):
d-1

L

j =Xk +1

'fk(j)

= 'fk-1(xk-t+1)

Furthermore, we have
The output function (6) of the machirre
A*(L) is given by
.\.( L(x1'"""'xk) 'xk+1)
x.-1
Z <fkCj)
j=O

yielding the result

v (x 1 ••• xn) =

From eq. (8) we obtain

Application of theorem 2 yields

5.

(

d-(n-1) ( t-1))
n
- 1

~

(d-1-xk-(n-k)(t-1))

k=1

n-k+1

CONCLUDING REMARKS

n

v

t-1

(x1 • • • xn)

ifk-1 (xk +s-1)

f= ( xk +s-1-(n-k+1) ( s-1) )
k=1

z(

k=1

n-k+1
xk +(n-k)( s-1 ) '
n-k+1

J.

The special case of this result when s=O
can be .found in [ 3 ] •
Example 3:

\1t-arrays

In analogy to As-arrays, upper triangular
arrays to be defined here can be treated in
nearly the same way. The main difference is
that applying index formula (5) is much more
advantageaus than applying eq.(1) or theorem
2 • We therefore carry out the construction

Direct-access storage functions are a very
attractive means of storage access, both
with regard to storage space and access
speed. The' keywords need not be stored wi th
the associated data elements, since the mapping to the addresses is one-to-one, and the
proper address can be calculated directly
from the keyword without any searching
through storage cells belanging to other
keywords. On the other hand, this technique
has, of course, some serious drawbacks. It
should be clear that its application is restricted to static or nearly static data
sets, with very low rates of insertion and
deletion (cf. [2]) •
However, where this preliminary condition

H.-D. Ehrich, Theory of direct-access storage functions

is fulfilled, the theory developed here may
prove useful to extend the application of
the direct-access method. The only storage
formula used widely is that of example 1
for arrays. From the general formulas af
examples 2 and 3, anly special cases were
knawn befare. Even if the given set of keywards has na apparent regularities as in
the cases discussed, it is sometimes possible
to construct a reasonable direct-access
storage procedure, especially if there is
only a small number af keywards.
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